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1 Introduction

When one is asked to think of stabilization problems, inverted pendulum systems
are among the first to come to mind. Inverted pendulums are a simple and common
example of systems that can be at an unstable equilibrium. Why would we want to
study such a system? We would like to, because more complex systems of interest,
such as rockets right after launch, and the hoverboard (2-wheeled self-balancing
scooter) also involve similar stabilization problems.

The aim of this study is to simulate and visualize the inverted pendulum system,
and observe the actions and performances of fuzzy logic controllers with respect to
PID controllers. The differential equations stemming from the inverted pendulum
system, a PID controller and a fuzzy logic controller were all implemented using
MATLAB. Code was also written to visualize the pendulum system in the form of
a video.

MATLAB was used, and not Simulink or LabView. This was because the goal of
the study was to explore the fundamentals of both PID and fuzzy logic controllers.
The MATLAB programming environment allowed for more flexibly visualize the
system as a video, as well as allowed for tinkering of the system. Implementing the
fuzzy logic controller from scratch allowed for a better understanding of the same
than the use of a block diagram implementation. All the codes written as a part of
this study can be found in this GitHub Repository.

2 Mathematical setup

The inverted pendulum system could be modelled using the following equation:

(I +ml2)φ′′ +mglsin(φ) = mlx′′cos(φ)

The linearized version of the same is given by:

(I +ml2)φ′′ −mglφ = mlx′′

The model assumes that the pendulum system is a rigid body, and that there is no
air resistance. More elaborate models can be formulated in case the factors will be
of significance.

https://github.com/GitShanks14/Fuzzy-control-inverted-pendulum
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The differential equations were converted into difference equations using central the
central differencing approach. Both the non-linear and linear differential equations
were converted into this form, but only the non-linear versino is presented below.
The rest of this study uses the more accurate non-linear model as well.

φ[i] = mlcos(φ[i− 1])(u[i] − 2u[i− 1] + u[i− 2]) +mglsin(φ[i− 1])dt2
I +ml2

+2φ[i−1]−φ[i−2]

The initial conditions used correspond to zero inputs and a mild disturbance in φ.
If we simulate this model alone, we can see the inverted pendulum fall down, rise
back up, and repeat the motion, as shown here.

To make the situation more realistic, gaussian noise was also added to this value
of φ[i]. i.e., φ[i] = φ[i] + N(0, σ2) was performed. This model for noise is not that
realistic, since it can be rather erratic. But if our system can be stabilized despite
this level of noise, we should be fine. Furthermore, σ can be controlled in the sim-
ulation environment.

The Pendulum parameters considered for this study are as follows: [1]

Mass 200 g
Length 30 cm

Moment of Inertia 0.006 kgm2

3 PID controller

The PID controller was implemented in the velocity form as shown:

du = Kp(φ[i] − φ[i− 1]) +Kiφ[i] +Kd(phi[i] − 2phi[i− 1] + phi[i− 2])

u[i+ 1] = u[i] + du

The PID coefficients used are shown below:

Kp 0.48
KI -1.6
Kd -0.025

Negative coefficients were used because of the unstable nature of the system. The
tuning was done by hand, first by trial and error, and then by manually tweaking
the coefficients to improve performance. Approaches such as ZN tuning and Cohen-
Coon tuning were not applicable since the system at hand is intrinsically unstable.

https://drive.google.com/file/d/1yxK98jd5MMN-ZS-9CXhYLmzXG_MvcPZX/view?usp=sharing
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Tuning could have been done better by using genetic algorithms to guess a set of
PID parameters, and then evolve them closer towards the optimal set of parameters.
This however was not done due to the lack of time and expertise.

4 Fuzzy logic controller

The designed fuzzy logic controller has 3 simple steps. Fuzzification, inference and
defuzzification. First, we defined sets to which the state of the system can belong
to. Five sets were defined. VN, N, Z, P and VP. ie Very Negative, Negative, Zero,
Positive and Very Positive. The sets classify the deviation angle from the unstable
equilibrium point.

Figure 1: Membership functions of the defined sets

The first step our controller takes, is to determine the extent to which the state of
the system belongs to each of the defined sets. We defined the membership func-
tions of the class as shown in fig. 1. The width of the zero class alone is smaller,
since we want to take action more even for small deviations from the equilibrium
point.
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Figure 2: Control action vs System state

We want to define what action our controller should take for each set. Hence we
defined control rules for our controller. We then weight this control rule’s action by
how much the systems state belongs to the set we are considering. We now sum all
the actions we need to take, basically for all the sets we have defined. Effectively,
the controller responds to the state of the system as shown in fig. 2.

The defined rules are summarized below:

Fuzzy set Range Control Action
VN -180 to -15 4
N -30 to 0 2
Z -5 to 5 0
P 0 to 30 -2
VP 15 to 180 -4

Lastly, we want to translate this notion of an output that we have into a real-world
action. We need to defuzzify our inference. This was done by using a constant
Kdefuz, which was set to be 0.09 by trial and error.
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For the design of this controller, the referenced online course was consulted heavily,
since we were unfamiliar with concepts of fuzzy logic [2].

5 Results and discussions

Many different simulations were run and captured in video form. All the useful
videos recorded can be found here.

The simulations were ran with gaussian disturbances being added in every timestep.
Hence, two different runs of the same simulation would yield different results. On
an average, the results are acceptable, but there are still times when the fuzzy con-
troller isn’t able to stabilize the system for higher disturbance levels.

Having given that disclaimer, results from one run of the PID and FLC simulations
are shown below, in figs. 3 and 4 respectively.

Figure 3: PID controller output

https://drive.google.com/drive/folders/1YSsqFpuCf-zBKHXfOGs2zDYO57xDAOi-?usp=sharing
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Figure 4: FLC output

It is to be noted that with disturbances, both controllers often struggle to bring
the pendulum back to the zero position. However, both controllers are able to
stabilize the system with reasonable degree of success, though not nearly sufficient
for industrial use.

6 Conclusions

Since the PID controller takes action while factoring 3 different facets of the devia-
tion angle, it outperforms our current fuzzy controller. We will need to upgrade our
fuzzy controller if we want it to compete. Overall, we need to design the Control
Action vs φ curve better. The things we could do to achieve this include

1. Increase the number of sets we can classify the state into

2. Select the control action values better

3. Consider multiple facets of the error, such as the integral and derivative as
well

4. Use a different class of membership functions
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Another thing we could do is to get the best of both worlds by implementing a form
of fuzzy PID control.

7 Learning Outcomes

We learnt how to model simple systems on MATLAB, be it linear or non-linear.
We learnt how to stabilize unstable systems with both PID and fuzzy logic control.
All three of us were new to fuzzy logic, and in general learnt a lot about how things
work. Though we didn’t get to implement everything that we learnt, we learnt a
lot through this project.

Things we were looking forward to learn but couldn’t due to time constraints include
standard techniques for tuning PID for unstable systems, how to design fuzzy logic
controllers properly for such systems, and multi-input fuzzy logic controllers for
the same. Advanced topics that we only glanced at include adaptive or fuzzy PID
controllers, and neural networks for the control of such systems.

8 Future Scope

The study in general could be improved by introducing metrics for the evaluation
of the different controllers considered. Towards the end, we realized that our work
is too qualitative.

Similarly, the study can be improved by designing the PID and FL controllers more
rigorously. For the PID controllers, tuning could be done by employing genetic
algorithms, or even by optimally solving for the controller transfer function. We
realized towards the end that we had enough information for doing so.

As for the Fuzzy Logic Controllers, they could be improved by choosing all the
parameters more carefully. The parameters include the number of sets defined, the
membership functions’ widths and shapes. The parameters could have been selected
better if the big picture was kept in mind. In general, the FLC could have been
designed with more inputs, such as the rate of change of error, or the accumulation
of the error in the output.
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